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In this paper, based on some mesh-dependent estimates on the extreme eigenvalues of a
general finite element system defined on a simplicial mesh, novel and sharp bounds on the
permissible time step size are derived for themass lumping finite element approximations
of parabolic equations. The bounds are dependent not only on the mesh size but also on
the mesh shape. These results provide guidance to the stability of numerical solutions
of parabolic problems in relation to the unstructured geometric meshing. Numerical
experiments on both uniform meshes and adaptive meshes are presented to validate the
theoretical analysis.
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1. Introduction
We consider the numerical solution of some parabolic equations based on a spatial finite element discretization and
a time marching scheme. Such a process often involves the spatial mesh generation and optimization, the assembly of
finite element systems using the finite element basis, and the iterations and marching in the temporal direction. For
spatial discretizations, finite elementmethods on unstructured simplicial meshes (including, in particular, two-dimensional
triangular meshes and three-dimensional tetrahedral meshes) have become very popular, and the coupling with explicit
time marching remains a dominant engineering practice. Yet, it is known that explicit time marching is only numerically
stable under suitable time step constraints. Thus, deriving a sharp permissible bound on the time step size can be useful for
the efficient implementation of explicit marching schemes.
As a continuation of the series ofworks presented in [1,2], the goal of our study undertaken here is to explore the relations
among the mesh geometry and the stable time step size for a mass-lumped explicit Euler-type time integration scheme
for parabolic problems. Although there have been earlier studies on the relationship between the mesh geometry and the
stable time step size for explicit time integration schemes for dynamic problems in the finite element literature [3,4], few
precise and explicit descriptions of such a relation for general finite element spaces are available. Recently in [2], a precise
relation is established between the mesh geometry and the spectral condition number of stiffness matrix for some typical
second-order elliptic equations discretized by general finite element methods based on unstructured simplicial meshes
in any space dimension, which shed new light into the study of the precise relationship between mesh geometry and
the spectral properties of the algebraic systems associated with finite element approximations of elliptic operators. The
framework outlined in [2] may also be applicable to other problems including time-dependent problems.
In this work, based on an earlier framework on the estimates of stiffness matrix eigenvalues given in [5,6] and the
derivation of an explicit trace formula for the element stiffness matrix corresponding to the finite element approximation
to the elliptic operator in [2], we derive some new bounds on stable time step sizes for explicit time integration schemes
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with a general mass-lumped finite element discretization for some model parabolic equations. These bounds are sharp and
explicitly expressed by some universal mesh geometric quantities which are dependent not only on mesh size but also on
mesh shape. The obtained results are very helpful for us to understand deeply the relationship between the stability and the
mesh geometry for general high-order mass-lumped finite element methods which have important applications in many
problems [7–9]. We also perform some numerical experiments to verify the theoretical results.
This paper is organized as follows. In Section 2, we recall the basic finite element spatial discretization of a parabolic
equation and describe the main issues that we are concerned with. Then, in Section 3, some existing results on extreme
eigenvalue estimates for general finite element spaces are briefly stated and a new estimate of the largest eigenvalue of the
matrix M−1K is derived. In Section 4, we derive the mesh-dependent time step size conditions for the stability of explicit
time integration schemes. In Section 5, numerical examples are provided to substantiate the theoretical analysis. A final
conclusion is given in Section 6.
2. The finite element spatial discretization of a parabolic equation
Given an open bounded convex domainΩ ∈ Rd with a Lipschitz-continuous boundary and a finite time interval (0, T ],
consider the following time-dependent parabolic equation
∂u(x, t)
∂t
=
d−
i,j=1
∂
∂xi

aij
∂u
∂xj

+ f (x, t), inΩ × (0, T ],
u(x, 0) = u0(x), inΩ,
u(x, t) = 0, on ∂Ω × (0, T ],
(1)
where the coefficient matrix A˜ = (aij)di,j=1 is assumed to be constant in time, and furthermore, A˜ is assumed to be symmetric
positive definite, smooth and uniformly bounded in Ω¯ while f ∈ C1(0, T ; L2(Ω)). The independence of time simplifies the
notation, though much of our discussion remains valid for time-dependent coefficients. We also choose to work with the
homogeneous Dirichlet boundary condition for simplicity.
The finite element method is employed to discretize in the spatial dimensions. Let T denote the finite element mesh
(a triangulation, or equivalently, a simplicial mesh, for much of our discussion). An appropriate finite element space,
Vh ⊂ H10 (Ω), with suitably chosen nodal basis functions {φj}Nj=1 may then be employed to discretize the above continuous
problem, resulting in the finite element approximations as follows,∫
Ω
∂uh(x, t)
∂t
vh dx+ aΩ(uh, vh) =
∫
Ω
f vh dx, ∀ vh ∈ Vh, (2)
and the bilinear form aΩ = aΩ(u, v) is given by
aΩ(u, v) :=
∫
Ω
d−
i,j=1

aij
∂u
∂xi
∂v
∂xj

dx (3)
for any u, v ∈ H10 (Ω). Details on the properties of Vh are to be stated later. Let {φj}N1 be the finite element nodal basis of Vh
and then for any uh ∈ Vh, we denote by {ui} the vector containing the coordinates of uih with respect to the basis {φj}, so that
uih =
∑
(ui)jφj.
In order to solve the above system of ordinary differential equations, we further consider the most popular explicit
forward Euler first-order time integration scheme which can be written as∫
Ω
ui+1h − uih
1t
vh dx+ aΩ(uih, vh) =
∫
Ω
f ivh dx, ∀vh ∈ Vh, (4)
where 1t is the time step size, and uih is the approximation solution of u(x, t) at time i1t and f
i = f (x, i1t). In matrix
notation, the approximation solution ui+1 satisfies
M˜ui+1 = (M˜ −1tK)ui +1tfi, i = 1, 2, 3, . . . , (5)
where (fi)j =

Ω
f iφjdx, K and M˜ are respectively the N × N stiffness and mass matrices, respectively, generated by the
finite element basis {φi}, that is,
K = (kij), kij = aΩ(φi, φj) and M˜ = (mij), mij =
∫
Ω
φiφj dx. (6)
We note that for variable and time-dependent coefficient problems, the only complication is that K depends on the
number of time steps. Since our discussions focus mostly on the properties of (4) at a single step, they can be easily adapted
to treat variable coefficients as well.
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The explicit forward difference scheme (5) is widely employed in practice, and often M˜ is changed into a diagonal by an
approximation technique or numerical quadrature that is called mass lumping, so that its inverse can be obtained readily.
The mass lumping is to substitute the mass matrix M˜ with a diagonal matrixM = diag(M1,M2, . . . ,MN)with
Mi =
N−
j=1
mij, i = 1, 2, . . . ,N. (7)
Thus, we can get the solution at the (i+ 1)th step by
ui+1 = (I −1tM−1K)ui +1tM−1fi, i = 1, 2, 3, . . . ,N. (8)
However, the time step size1t must be constrained in order to satisfy the stability condition associated with the explicit
scheme. Obviously, to derive a sharp permissible time step size constraint can be helpful for the efficient implementation
of explicit schemes.
In our work here, we focus on getting sharp estimates, in terms of their dependence on the mesh geometry, for the
time-stability constraints of the explicit scheme. These issues are intimately connected to the spectral properties of the
matrices (I − 1tM−1K) or equivalently (I − 1tM−1/2KM−1/2). Indeed, since M is symmetric and positive definite, we
have
Λ(M−1K) = Λ(M1/2M−1KM−1/2) = Λ(M−1/2KM−1/2), (9)
where Λ(A) express the set of eigenvalues of A. Hence, the analysis should essentially rely on the spectral properties of
M−1/2KM−1/2. The latter is naturally related to the analysis of the spectral properties of the finite element discretizations of
the corresponding elliptic equations which has been carefully carried out in [2].
3. Some results on extreme eigenvalue estimates
In this section, we recall briefly the abstract framework on extreme eigenvalues estimate of the global finite element
stiffness (mass) matrix for general symmetric second-order elliptic equations given in [6] and the extreme eigenvalue
estimates on element stiffness (mass) matrix given in [2] for a general finite element discretization. Then, we derive some
novel estimates on the largest eigenvalue of the matrix M−1K . These results form the basis for further discussions on the
mesh-dependent stability.
3.1. An abstract framework on extreme eigenvalue estimates
To study (1), we first consider the corresponding second-order elliptic boundary value problem,−
d−
i,j=1
∂
∂xi

aij
∂u
∂xj

= f , inΩ,
u = 0, on ∂Ω,
(10)
with f ∈ L2(Ω). The corresponding variational weak form is as follows [10]: find u ∈ H10 (Ω), such that
aΩ(u, v) =
∫
Ω
f v dx, ∀v ∈ H10 (Ω). (11)
Obviously, the stiffness matrix K defined by (6), is both symmetric and positive definite. Denote the element matrices
corresponding to K by Kτ for any (simplicial) element τ ∈ T . We use n to denote the dimension of Kτ , which corresponds
to the degree of freedoms or the number of nodal basis functions for the element τ .
The eigenvalues of K are denoted by {λKi }Ni=1 which are ordered by
λK1 ≤ λK2 ≤ · · · ≤ λKN .
In this notation, λK1 is theminimal eigenvalue of K , and λ
K
N are themaximal eigenvalues. Similarly, we use {λKτi }ni=1 to denote
the eigenvalue of Kτ which are also ordered by
λ
Kτ
1 ≤ λKτ2 ≤ · · · ≤ λKτn .
In [5,6], some general estimates on the extreme eigenvalues of the global stiffnessmatrix in relation to that of the element
stiffness matrix were given as follows:
max
τ∈T (λ
Kτ
n ) ≤ λKN ≤ D∗max
τ∈T (λ
Kτ
n ), (12)
where D∗ is themaximal number of elements meeting at a nodal point, in this paper, we always consider thosemeshes with
uniformly bounded D∗.
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3.2. Extreme eigenvalue estimates of the element stiffness matrix
To bound the extreme eigenvalues of global stiffnessmatrices, by (12), we need estimates on λKτn for the element stiffness
matrices. In this subsection,we state the extreme eigenvalue estimates of element stiffnessmatrix given in [2]. First, we state
some assumptions on the finite element spaces under consideration.
Assumptions on the finite element space and nodal basis: on a reference simplex described by
τ0 =

(b1, b2, . . . , bd+1) | bi ≥ 0,
−
bj = 1

,
the nodal basis on τ0 is assumed to involve a linear combination of the partial products of {bj} only. For any (simplicial)
element τ ∈ T , {Li({bj})}ni=1 is used to denote a general form of the nodal basis which, when restricted to τ , is given by the
same nodal basis defined on τ0 with (b1, b2, . . . , bd+1) being the corresponding barycentric coordinates of τ . And the finite
element approximation is given by functions whose restrictions on τ are linear combinations of {Li}. Concerning the finite
element space, an additional assumption is made that the nodal basis on τ0 is invariant with respect to the permutation of
the vertices, a property that is satisfied by most of the finite element spaces.
Let us introduce the notationQd(τ ) and γ dn as follows:
Qd(τ ) = 1|τ |
d+1−
i=1
|Ai|2, (13)
for any d-dimensional simplex τ with |τ | being its volume and {Ai}d+1i=1 being the areas (volumes) of its (d− 1)-dimensional
faces;
γ dn =
1
d3(d+ 1)|τ0|
n−
m=1
d+1−
j=1
d+1−
k=1
∫
τ0

∂Lm
∂bj
− ∂Lm
∂bk
2
dx, (14)
where τ0 is the standard reference simplex defined as above. For the general diffusion problem (10), we further assume that
0 < βτ1 I ≤ A˜τ (x) ≤ βτ2 I (15)
uniformly for x ∈ τ for some positive constants βτ1 and βτ2 , where A˜τ (x) is the restriction of the coefficient matrix A˜ on τ ,
and I is the unit matrix. Here we state the estimates for the largest eigenvalue of the element stiffness matrix Kτ given in [2]
as follows.
Lemma 3.1. For any general finite element spaces defined on a simplicial mesh τ with the nodal basis on any d-dimensional
simplex τ ∈ T satisfying the invariance property specified above, the largest eigenvalue of the element matrix Kτ corresponding
to the Eq. (10) has the estimates:
βτ1 γ
d
n
n− 1Qd(τ ) ≤ λ
Kτ
n ≤ βτ2 γ dnQd(τ ) (16)
where n is the cardinality of the set of local nodal basis functions, γ dn is the positive constant defined by (14),Qd(τ ) is as defined
by (13).
As in [2], it is important to note that γ dn is a positive constant that depends only on the corresponding basis functions
on the reference simplex τ0 and is independent of the geometry of the particular element τ while the other factorQd(τ ) is
completely independent of the choice of the finite element spaces (as long as they take some invariant basis).
The above estimate does provide a precise control on the contribution due to themesh geometry on the largest eigenvalue
of the element stiffness matrix associated with the elliptic operator which is crucial for estimating the stable time step size
for a parabolic equation.
3.3. A lemma on element mass matrix
In order to estimate the permissible time step size, the dependence of the extreme eigenvalues of the element mass
matrices on the mesh geometry is needed. The computation about this dependence is rather simple. Denote the entries
of global mass matrix corresponding to the element τ by the diagonal matrix Mτ = diag(MN1 ,MN2 , . . . ,MNn) where
N1,N2, . . . ,Nn are the indices of the nodes on the element τ .We useMτ0 to denote the elementmassmatrix on the reference
element τ0 defined by
Mτ0 = (mτ0ij ), mτ0ij =
∫
τ0
φiφj dx.
Then, simple calculations give the following lemma.
Lemma 3.2. For the lumped mass matrix defined by (7), the corresponding element mass matrix Mτ satisfies:
Mτ = Sτ Mτ0|τ0| , (17)
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where Sτ = diag(SN1 , SN2 , . . . , SNn) and SNi is the lumped areas with index Ni (summation of areas (volumes) of elements that
share the node Ni). Consequently,
min
τ∈T λ
Mτ
1 = δn mini Si, maxτ∈T λ
Mτ
n = σn maxi Si, (18)
where δn and σn are two constants given by
δn = 1|τ0|λ
Mτ0
1 , σn =
1
|τ0|λ
Mτ0
n . (19)
Note that the constants δn and σn are independent of the element τ but rely on t0 and the corresponding local finite
element basis.
3.4. A new estimate on the largest eigenvalue of M−1K
In this subsection,we estimate the largest eigenvalue ofM−1K , or equivalentlyM−1/2KM−1/2, whereM−1/2 is the diagonal
matrix whose diagonal entries areM−1/2i . This is the basis for our study given here.
Denote
Jτ = M−
1
2
τ KτM
− 12
τ .
Since the matrixM−1/2KM−1/2 can be assembled from the matrices {Jτ } in the same way as the global stiffness matrix K is
assembled from the element stiffness matrices Kτ , with (9) and (12), we have
max
τ
λmax(Jτ ) ≤ λmax(M−1K) ≤ D∗max
τ
λmax(Jτ ). (20)
Then the key is to estimate the bound of the eigenvalues of Jτ .
Let P = M−1/2τ for simplicity. Obviously, P is a symmetric and positive definite matrix with P ′ = P where ′ denotes the
matrix transpose. Using the properties of the Rayleigh quotient on a matrix, we have
λmax(PKτP) = λmax(P ′KτP) = max
X∈Rn,X≠0

X ′(P ′KτP)X
X ′X

= max
X∈Rn,X≠0

(PX)′Kτ (PX)
(PX)′(PX)
X ′P ′PX
X ′X

≤ λmax(Kτ )λmax(P ′P) = λmax(Kτ )λ−1min(Mτ ). (21)
On the other hand, by taking the special vector X = Xˆ such that PXˆ is an eigenvector corresponding to the largest eigenvalue
of the matrix Kτ , we obtain
λmax(PKτP) = λmax(P ′KτP) = max
X∈Rn,X≠0

X ′(P ′KτP)X
X ′X

= max
X∈Rn,X≠0

(PX)′Kτ (PX)
(PX)′(PX)
X ′P ′PX
X ′X

≥ (PXˆ)
′Kτ (PXˆ)
(PXˆ)′(PXˆ)
Xˆ ′P ′PXˆ
Xˆ ′Xˆ
≥ λmax(Kτ )λmin(M−1τ ) = λmax(Kτ )λ−1max(Mτ ). (22)
Then, by (18), (21) and (22), we have the following estimates for the largest eigenvalue of the element matrix
M−1/2τ KτM
−1/2
τ .
Lemma 3.3. For any general finite element spaces defined on a simplicial mesh T with the nodal basis on any d-dimensional
simplex τ ∈ T satisfying the invariance property specified above, the largest eigenvalue of the element matrix M−1/2τ KτM−1/2τ
has the estimates:
|τ0|λKτn
Sτmaxλ
Mτ0
n
≤ λmax(M−1/2τ KτM−1/2τ ) ≤
|τ0|λKτn
Sτminλ
Mτ0
1
(23)
where n is the cardinality of the set of local nodal basis functions, Sτmax = maxvi∈τ Svi and Sτmin = minvi∈τ Svi .
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With (20), (16) and (23), we can get the following estimates on the largest eigenvalue ofM−1K .
Theorem 3.1. Under the assumptions on the finite element spaces made earlier, the largest eigenvalue of the matrix M−1K has
the estimates:
γˆ dn max
τ∈T
βτ1Qd(τ )
Sτmax
≤ λmax(M−1K) ≤ D∗γ˜ dn max
τ∈T
βτ2Qd(τ )
Sτmin
, (24)
where n is the cardinality of the set of local nodal basis functions, γˆ dn and γ˜
d
n are defined by
γˆ dn =
λ−1max(Mτ0)
(n− 1) |τ0|γ
d
n , γ˜
d
n = λ−1min(Mτ0)|τ0|γ dn (25)
and D∗ is the maximum number of elements meeting at a single vertex.
Remark 3.1. Here we point out that the constants γˆ dn and γ˜
d
n are independent of the specified element τ but only on t0 as
well as the corresponding local finite element basis, while the other factors in the bounds, which are dependent of mesh
geometry and equations, are completely independent of the choice of the finite element spaces.
Remark 3.2. For the general case (with no mass lumping), similar estimates are derived in [11]. Since the matrix
M−1/2KM−1/2 is not assembled from the elementmatrixM−1/2τ KτM
−1/2
τ directly as that in themass lumping case, a ‘‘gradual
volume change condition’’ is required in order to derive the desired estimates [11]. For the mass lumping case considered
here, if the mesh also satisfies the ‘‘gradual volume change condition’’ as imposed in [11], then there exist two positive
constants c1 and c2 satisfying
c1|τ | ≤ Sτmin ≤ Sτmax ≤ c2|τ |.
Thus, we get consistent results (in terms of the same mesh geometry quantity) between the two cases.
4. Mesh-dependent stability condition for the explicit time integration
In this section, we apply the general estimates in the previous sections to derive the mesh-dependent permissible time
step sizes for the explicit time integration scheme for some model parabolic equations. Some of these estimates are widely
known and are consistent with the popular understanding in the finite element and meshing community, while others are
new and are interesting on their own.
4.1. Stability condition for the explicit scheme
Let u∗i be the numerical solution which satisfies
Mu∗i+1 = (M −1tK)u∗i +1tfi, i = 1, 2, 3, . . . . (26)
Let ei = u∗i − ui. Then, by multiplying M−1 on the two hands of (26) and subtracting (26) from (8), one can obtain the
recurrence on error
ei+1 = (I −1tM−1K)ei. (27)
The following norms are usually used to analyze the stability,
‖ei‖2L2(Ω) = (e′iMei); ‖ei‖2H1(Ω) = (e′iKei). (28)
Note thatM is both symmetric and positive definite, and, by (27), simple calculation gives
‖ej‖L2(Ω) ≤ (λmax(I −1tM−1K))(j−i)‖ei‖L2(Ω). (29)
Similarly, we can get
‖ej‖H1(Ω) ≤ (λmax(I −1tM−1K))(j−i)‖ei‖H1(Ω). (30)
Inequalities (29) and (30) indicate how the L2 and H1 errors may depend on the spectrum of (I − 1tM−1K). We thus have
a stability condition which can be found in a great deal of existing literature (see, e.g., [3]).
Lemma 4.1. The explicit differencing (4) is stable with respect to L2 norm and H1 norm if the time step size1t satisfies
1t <
2
λmax(M−1K)
= 2
λmax(M−1/2KM−1/2)
. (31)
In order to get precise largest permissible time step size estimates, a key point is to give precise and exact estimates on
λmax(M−1K) for general finite element spaces which are given in (24). Combining with the stability condition (31), we can
get the following exact and precise stable time step size estimates for general finite element spaces defined on a simplicial
mesh.
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Theorem 4.1. For any finite element space defined on a simplicial mesh T with the nodal basis on any d-dimensional simplex
τ ∈ T satisfying the assumptions specified above, the stability condition for the time step size1t is given by
1t <
2
D∗γ˜ dn
min
τ∈T
Sτmin
βτ2Qd(τ )
, (32)
where n is the cardinality of the set of local nodal basis functions,Qd(τ ) and γ˜ dn are respectively defined by (13) and (25), and β
τ
2
is defined in (15).
We give some remarks on the above stability estimates as follows,
Remark 4.1. In [3], some preliminary discussion onmesh-dependent stable time step size was given for simple linear finite
element. Our result is more general as it is applicable to any high-order finite element space. High-order finite element
methods with mass lumping are an efficient and effective alternative in many applications [7–9].
Remark 4.2. The estimate of time step size bound (32) implies that the stable time step size of the explicit differencing is
mainly a product of two factors, with one being 1/γ˜ dn which is completely independent of the geometry of the particular
element τ , and the other being Sτmin/β
τ
2Qd(τ ), which is completely independent of the choice of the finite element spaces
(as long as they take some invariant basis). This can be used to explore the precise relationship between stable time step
size and mesh geometry.
4.2. Relating time step size constraint to mesh geometry
We first discuss the effects of the element size on the stable time step size bound when the shape of element remains
regular. Consider a simplicial mesh T with all the simplices τ ∈ T satisfying:
ρ1|τ |2−2/d ≤
−
i
A2i ≤ ρ2|τ |2−2/d, ∀τ ∈ T (33)
for some positive constants ρ1 and ρ2, independent of τ . We refer such meshes as being shape regular. Meanwhile, we refer
a simplicial mesh τ as being quasi-volume-uniform if
min
τ∈T |τ | ≥ ρ3 maxτ∈T |τ |, ∀τ ∈ T (34)
holds for some positive constant ρ3, independent of τ . Then, we have the following corollary,
Corollary 4.1. For the explicit time integration scheme (4) discretized by a finite element space with an invariant basis defined
on a quasi-volume-uniform (in the sense of (34)) d-dimensional simplicial mesh with h being the mesh parameter (diameter of
the largest simplex), if we further assume that all the simplices are shape regular in the sense of (33), then it is stable if the time
step size satisfies
1t < c(1)(n,d)h
2 min
τ
{1/βτ2 }, (35)
for some constant c(1)(n,d) which is dependent on the finite element basis on the reference element τ0 and dimension d, but is
independent of h.
Corollary 4.1 follows directly from (13) and (32)–(34). It indicates that, for a uniform mesh with well-shaped elements,
the largest permissible time step size1t for the parabolic equations under consideration is roughly proportional to h2, where
h is the typical edge length of element. Hence, smaller elements require smaller time step sizes andmore computation cost.
The result in Corollary 4.1 in the linear finite element case with mass lumping is widely known in the finite element and
meshing community, but not in the case of general finite element spaces.
Nowwe consider those non-uniformmeshes with well-shaped elements and satisfying the shape regular condition (33)
but not the quasi-uniform condition (34). This case often happens in adaptive finite element computation. In this case, we
have the corollary,
Corollary 4.2. For the explicit time integration scheme (4) discretized by a finite element space with an invariant basis defined
on a shape regular (in the sense of (33)) d-dimensional simplicial mesh, then it is stable if the time step size satisfies
1t < c(2)(n,d)min
τ∈T
Sτmin
βτ2 |τ |1−2/d
(36)
for some constants c(2)(n,d) which are dependent on the finite element basis on the reference element τ0 and the dimension d, but is
independent of mesh geometry.
From the above corollary, for a diffusion equationwith isotropic coefficients, we can see that the smallest element usually
dictates the size of the time step on a non-uniform mesh with well-shaped elements. The smaller the element size, the
smaller the permissible time step sizes, and the longer the time marching takes.
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a b
Fig. 1. Uniform triangular meshes with isosceles right triangles (a) and right triangles with small angles (b).
Consider the anisotropic quasi-uniform mesh which satisfies the quasi-uniform condition (34) but not satisfies the
regular condition (33). ForQd(τ ), the following equivalent relations are given in [2],
Q2(τ ) = 4
3−
i=1
cot θ τi , Q3(τ ) = 3
4−
i=1
4−
j=1,j≠i
lij cot θ τij , (37)
where θ τi is the interior angle against at the edge Li, and θ
τij is the dihedral angle on the edge Lij with the length lij. Then, by
(32), (34) and (37), we have the following result,
Corollary 4.3. For the explicit time integration scheme (4) discretized by a finite element space with an invariant basis defined
on a quasi-volume-uniform (in the sense of (34)) d-dimensional simplicial mesh, it is stable if the time step size satisfies
1t < c(3)(n,2)|τ |min
τ∈T

βτ2
3−
i=1
cot θ τi
−1
, when d = 2; (38)
1t < c(4)(n,3)|τ |min
τ∈T

βτ2
4−
i=1
4−
j=1,j≠i
τij cot θ τij
−1
, when d = 3; (39)
for some constants c(3)(n,2) and c
(4)
(n,3) which are dependent on the finite element basis on the reference element τ0 and the dimension
d, but are independent of mesh geometry.
The above corollary implies that, for the parabolic equation we consider or parabolic problems with isotropic diffusion
coefficients, elements with small angles in two dimension and elements with small dihedral angles in three dimension
would force the explicit time integrator to take even smaller time step sizes.
On the non-uniformmeshwith irregular element, by (32), the bound on the permissible time step size is decided by both
the element shape and the element size, that is the quantity minτ∈T {(Sτmin)/(βτ2Qd(τ ))}.
5. Numerical experiments
In this section, a linear finite element method is implemented. The computational domain is Ω = [0, 1] × [0, 1].
Numerical experiments are performed on several sets of meshes, as shown in Figs. 1 and 2, to substantiate the theoretical
results obtained in previous sections.
For simplicity, we consider an isotropic heat conduction problem
∂u
∂t
= ∂
2u
∂x2
+ ∂
2u
∂y2
+ f ,
with a homogeneous boundary condition on ∂Ω .
5.1. The uniform mesh cases
In this subsection, the uniform meshes, as shown in Fig. 1, are chosen to examine the effect of mesh geometry on the
stability limit in the explicit time integration. We use1t and1tl to denote the stable time step sizes estimated by formulas
(31) and (32) respectively. In [11], for the linear element in two-dimensional space, γ˜ 23 are computed as γ˜
d
n = 6. For the
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Fig. 2. Adaptive triangular meshes with isosceles right triangles (a) and right triangles with small angles (b).
Table 1
The stability limit on a uniform shape regular mesh.
Mesh 8× 8 16× 16 32× 32 64× 64 128× 128
1t 4.0608E−3 9.8604E−4 2.4473E−4 6.1072E−5 1.5261E−5
1tl 3.2552E−4 8.1378E−5 2.0344E−5 5.0863E−6 1.2715E−6
CR(1t) – 2.04 2.01 2.00 2.00
1t/1tl 12.47 12.12 12.03 12.00 12.00
isosceles right triangle element as shown in Fig. 1(a), denote the isosceles length by a, and then
min
τ∈T
Sτmin
Qd(τ )
= 6|τ |
2
3∑
i=1
l2i
= 6(1/2a
2)2
4a2
= 3a
2
8
.
Here, the parameter D∗ = 6. Then, by (32), we have
1tl <
2
6
× 1
6
× 3a
2
8
= a
2
48
. (40)
On the right triangle element with a small angle as shown in Fig. 1(b), simple calculation gives
min
τ∈T
Sτmin
Qd(τ )
= 6|τ |
2
3∑
i=1
l2i
= 6s
2
(8s/ sin(2θ))
= 3s sin(2θ)
4
,
where s is the fixed area and θ is the smallest angle in the right triangle [2]. Then, by (32), we have
1tl <
2
6
× 1
6
× 3s sin(2θ)
4
= (s sin(2θ))/24. (41)
First, some uniform shape regular meshes with different sizes, as shown in Fig. 1(a), are taken to examine the effect
of element size on the stability limit. Here, the N × N mesh means that the domain is divided uniformly into N × N
squares, with each being divided into two equal triangles. The numerical stability limit 1t,1tl and the change ratio
CR(1t) = log2(1th/1th/2) with respect to 1t , the ratios 1t/1tl for all cases are summarized in Table 1. From Table 1,
we see that the change ratio with respect to 1t approximately stays nearly 2, an observation that is consistent with the
prediction of the Corollary 4.1. The ratios1t/1tl also approximate a constant, which implies that the bounds are sharpwith
respect to the mesh geometry and can characterize well the effect of mesh geometry on the time stability of the marching
scheme.
In the second example, a uniform shape irregular mesh with different shape, as shown in Fig. 1(b), is taken to explore
the effect of element shape on the stability limit. In this case, the number of all elements are fixed at 64 × 64, thus the
area of element stays fixed. The shape of element is changed with the smallest angle. The numerical stability limit 1t,1tl
and the ratio 1t/1tl on meshes with different smallest angles are summarized in Table 2. The ratios 1t/1tl are nearly a
constant which implies that the bounds are again sharp, up to a constant algebraic factor, in characterizing the effect of
mesh geometry on the stability limit. That is, small angle will incur the small stability limit, which is also consistent with
the analysis in Corollary 4.3. To be more precise, in Fig. 3 (left), we plot with respect to sin(2θmin), the curves of the stability
limit. The perfect linear behavior indicates that the stability limit1t is proportional to sin(2θmin).
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Table 2
The stability limit on a uniform shape irregular mesh.
Mesh 32× 32 16× 64 8× 128 4× 256 2× 512
θ 0.250000π 0.077979π 0.019869π 0.004973π 0.001243π
1t 2.4473E−4 1.1502E−4 3.0408E−5 7.6281E−6 1.9074E−6
1tl 2.0344E−5 9.5741E−6 2.5333E−6 6.3560E−7 1.5889E−7
1t/1tl 12.03 12.01 12.00 12.00 12.00
Table 3
The stability limit on a non-uniform shape regular mesh.
Mesh (RF) 8 10 12 14 16
1t 9.8957E−4 2.4739E−4 6.1848E−5 1.5462E−5 3.8652E−6
1tl 4.0690E−5 1.0173E−5 2.5431E−6 6.3578E−7 1.5895E−7
1t/1tl 24.32 24.32 24.32 24.32 24.32
Fig. 3. Plots against sin(2θ) of the stability limit1t on a uniform shape irregular mesh (left); Plots against the smallest element area of the stability limit
1t on an adaptive non-uniform shape regular mesh (right).
5.2. The adaptive mesh cases
In the third example, we test one non-uniform mesh with regular shapes as shown in Fig. 2(a), which is very typical in
adaptive finite element computation. In this triangulation, all elements are isosceles right triangles. We denote the level of
refinement by 2k, and then the edge length of the smallest element is 1/2k. In this case, D∗ = 8, and Qd(τ ) = 8. Thus, by
(32), for the linear element,
1tl <
2
8× 6 ×
4min
τ∈T |τ |
8
=
min
τ∈T |τ |
48
. (42)
The numerical stability limit 1t , the theoretical estimate 1tl computed by (42), and the ratio 1t/1tl are summarized in
Table 3. We see that the ratio1t/1tl also approximates a constant, which shows that the analytic bound is sharp in terms
of the geometric dependence. In order to demonstrate the relationship, in Fig. 3 (right), we plot with respect to the smallest
element area, the curve of the stability limit1t , which shows that the stability limit is proportional to the smallest element
area in this case.
In the fourth example, a non-uniform mesh as shown in Fig. 2(b) with irregular shapes is used. In this triangulation, the
elements on up-half domain are isosceles right triangles, while the elements on down-half domain are right triangles but
with varying size and small angles θmin. In this case, by (32),
1tl <
2
6× 6 ×minτ∈J

Sτmin
Qd(τ )

= 1
18
× 6|τmin|
Qd(τmin)
= 1
24
× a
2b2
a2 + b2 ,
where a = 1/4 is the length of long right edge of the smallest element, b = 2−(k−2) is the length of short right edge, k is the
refinement level. The numerical results are presented in Table 4, from which we can see that the bound is sharp, up to only
a constant algebraic factor, and the stable time step size is decided by the shortest edge length.
6. Conclusion and future work
In this paper, the relations between the stable time step size and mesh geometry for the explicit Euler-type time
integration scheme coupled with a general finite element discretization defined on a simplicial mesh are explored
systematically. The results are rigorously derived and are applicable to very general parabolic equations, finite element
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Table 4
The stability limit on a non-uniform shape irregular mesh.
Mesh 4× 8 4× 10 4× 12 4× 14 4× 16
1t 1.9714E−4 1.2384E−5 7.7423E−7 4.8390E−8 3.0244E−9
1tl 1.0163E−5 6.3573E−7 3.9737E−8 2.4835E−9 1.5522E−10
1t/1tl 19.40 19.48 19.48 19.48 19.48
spaces and geometric meshes. Better understanding of the effect of geometry on the stable time step size can lead to
more efficient time marching. It is also useful for us to develop mesh generation and optimization strategies upon which
a compromise between the efficiency of solver and the discretization error can be reached so that optimal performance of
finite element computations can be achieved. There remain many issues to be explored in the future, for instance, the case
without mass lumping [11], and the extensions to other interesting physical models. Some of these issues will be addressed
in our future works.
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